We present a theoretical calculation of the fine and hyperfine splittings of the energy levels in the metastable states of antiprotonic helium 4 He ϩ p, performed with the accuracy of 10 Ϫ4 . We also discuss the perspectives of obtaining experimental data on the magnetic moment of the antiproton from measurements of the hyperfine structure of antiprotonic helium.
I. INTRODUCTION
Spectacular progress has been achieved recently in the spectroscopy of antiprotonic helium ͓1-5͔. On the one hand, Yamazaki et al., Morita et al., Hayano et al., and Maas et al. have succeeded in measuring the wavelengths of several transitions between various metastable states with an accuracy of 5ϫ10
Ϫ6 . On the other hand, the Coulomb energy levels of the antiprotonic helium atom have been calculated with an accuracy 10 Ϫ7 ͓6͔. By subsequently taking into account the leading-order QED and relativistic corrections, the discrepancy between theory and experiment has been reduced to only 5 -10 ppm ͓7͔. While this remarkable agreement has provided a most convincing confirmation of the Condo model ͓8͔ of the phenomenon of delayed annihilation of antiprotons in helium ͓9͔, the projects to measure experimentally the fine and hyperfine structure of antiprotonic helium atoms in the upcoming years ͓10͔ are making way for frontier tests of QED.
We present in this paper the theoretical results for the fine and hyperfine splittings of the metastable energy levels of antiprotonic helium atoms, accurate to 10 Ϫ4 . The hyperfine structure of antiprotonic helium has already been observed experimentally ͓10͔ and the experiments that are now being prepared are expected to boost significantly the accuracy of the measurements. The situation will become particularly exciting if the experimental precision reaches 10 Ϫ4 since the data would then provide valuable information on the electromagnetic structure of antiprotons and eventually an opportunity to test CPT.
II. THEORETICAL CONSIDERATIONS

A. Three-body Hamiltonian
The antiprotonic helium atoms consist of a helium nucleus, an electron, and an antiproton. According to the Condo model, they are formed when the antiprotons, after being slowed down in helium, are captured by helium atoms in highly excited bound states with a nearly circular antiprotonic orbital. Our quantum-mechanical approach to this particular three-body problem is based on the three-body relativistic Hamiltonian, derived in ͓11,12͔ within the instant form of directly interacting particle dynamics ͓13,14͔.
In first order of perturbation theory the fine and hyperfine splittings of the energy levels are due uniquely to interactions that explicitly involve particle spin operators s i . ͓The radiative corrections to the Coulomb potential that contribute by quantities of O(␣ 5 ln ␣) to the fine splitting of hydrogen shift the atomic levels rather than splitting them.͔ Up to terms of O(␣ 4 ) the interaction part of the three-body relativistic Hamiltonian of ͓11,12͔ U has the form of a sum of pairwise Breit interaction operators, calculated in the onephoton-exchange approximation UϭU 12 ϩU 13 ϩU 23 .
We keep in U i j only those terms that explicitly involve s i , denote by r i , p i , m i , z i , and i the position vector of the ith particle, its momentum, its mass, electric charge ͑in units ͉e͉), and magnetic dipole moment ͑in units eប/2m i c) and also set rϭr j Ϫr i . In atomic units eϭបϭ1 we have, for the interaction of a pair of spin-1/2 particles, It is worth discussing briefly the accuracy of U. The pairwise spin interaction U i j does not include terms of order higher than O(␣ 4 ); however, the only contribution of O(␣ 5 ), related to the anomalous magnetic moment of the particles, has been incorporated in the phenomenological value of the total magnetic moment i ͓15͔, so that the inaccuracy of U i j is of O (␣ 6 ). The lowest-order three-body interaction terms appearing in the Foldy-Krajcik scheme ͓14͔ are also O(␣ 6 ) since the Foldy-Krajcik Hamiltonian has the form of a series in 1/c 2 ϭ␣ 2 . Therefore, the spin interaction Hamiltonian of Eqs. ͑1͒ and ͑2͒ is accurate to O(␣ 6 ), which exceeds the accuracy of the Dirac equation for the particular case of antiprotonic helium by an order of magnitude.
B. Perturbative calculation of the level splitting
The classification of the eigenstates of three-body systems of scalar particles requires a set of six quantum numbers ͑QNs͒, e.g., the values of the total orbital moment l and its projection on the fixed frame z axis M ͑both of them exact QNs͒ plus four approximate QNs that are traditionally associated with the vibrational excitations of particles 1 and 2 and to the motion of the third particle around them; of course, the spatial parity is also conserved. In the particular case of antiprotonic helium metastable states, the third particle, the electron, is always in the ''ground state'' and the energy levels are labeled with l and the ''radial'' excitation QN n r or, alternatively, by the ''principal'' QN nϭn r ϩlϩ1 and l. Things change if particle spins are taken into account: the orbital moment l now couples to the electron spin s 3 to produce the intermediate moment Jϭlϩs 3 ͑which is quite a ''good'' QN because of the dominance of the electron spinorbital interaction͒; in turn J couples to the antiproton spin s 2 to give the total angular moment FϭJϩs 2 ͑exactly conserved together with its projection F z ). The energy levels E nlJF differ from the corresponding purely Coulombic energy levels E nl by a correction term ⌬E nlJF , attributed to the spin interaction Hamiltonian U: E nlJF ϭE nl ϩ⌬E nlJF ; the fine splitting is associated with the dependence of the energy levels on J, while the hyperfine splitting is associated with the F dependence.
The initial zeroth order approximation for the spindependent wave function of the antiprotonic helium atom is
where C are Clebsch-Gordan coefficient, ͉s͘ are constant spinors, ␤ are constant amplitudes ͑to be calculated from the secular equation͒, and ⌿ is the three-body Coulomb wave function, expressed in terms of the Jacobi coordinates of the particles R,r, as calculated in ͓6͔:
Here D Mm l are the symmetrized Wigner functions of parity ϭ(Ϫ1)
l . The components F m nl (R,,) of the variational wave function are taken in the form
͑5͒
where ϭ(R 1 ϩR 2 )/R and ϭ(R 1 ϪR 2 )/R are the prolate spheroidal coordinates of the electron, i t у j t , and the factor R l * is introduced to meet the requirement that the antiproton is on a nearly circular orbit.
We restrict ourselves to first order of perturbation theory because the calculation of the effects of the spin interaction U in higher orders makes little sense if other terms of the same order of magnitude have been omitted and also because the use of the singular operators in Eqs. ͑1͒ and ͑2͒ beyond perturbation theory is not mathematically justified. In first order of perturbation theory the spin corrections to the energy levels ⌬E nlJF and the amplitudes ␤ J Ј nlJF are, respectively, the eigenvalues and eigenvectors of the spin interaction matrix in the representation of Eq. ͑3͒:
The calculation of the spin interaction matrix involves integration over R,r and summation over the spinor variables. The intermediate results of the averaging of U over the spatial variables can be represented in the form of an ''effective spin Hamiltonian'' H eff . By definition, H eff is an operator in the finite-dimensional space of the direct product of the representations (l) (s 2 ) (s 3 ) of su(2), such that its matrix elements coincide with the spin interaction matrix defined earlier:
where, unlike ͉nlJЈFF z ͘ in Eq. ͑3͒, the state vector ͉lJЈFF z ) is built up out of constant spinors only:
͉lM ͉͘s 2 2 ͉͘s 3 3 ͘.
The effective spin Hamiltonian is a compact way to represent the results of the quite nontrivial numerical integration over the spatial variables in terms of a few constants. In the particular case of antiprotonic helium H eff has the form
The values of E 1 , . . . ,E 4 for the whole range of excited p 4 He ϩ states of interest are listed in Table I . The value of the magnetic moment of the antiproton was taken to be exactly the opposite of the protonic magnetic moment: p ϭϪ2.79285(eប/2m p c).
III. SPIN EFFECTS IN ANTIPROTONIC HELIUM SPECTROSCOPY
We present in this section the numerical results of our calculation of the hyperfine structure of antiprotonic helium.
Having in mind the future spectroscopy experiments, we pay particular attention to the different possibilities of testing the theoretical predictions.
A. Hyperfine structure of the energy levels
Calculating the fine and hyperfine splittings ⌬E nlJF of the energy levels of the antiprotonic helium atom and the corresponding spin state vector ␤ J Ј nlJF from Eq. ͑6͒ is straightforward. In particular, for FϭlϮ1 we simply have Table II.  Table II shows that the leading spin effect in antiprotonic helium spectroscopy is the fine splitting of the levels, associated with the dependence on JϭlϮ1/2; the hyperfine splitting ͑the F dependence͒ is suppressed by a factor ϳ80. This is due to the fact that the spin interaction Hamiltonian U of Eqs. ͑1͒ and ͑2͒ is dominated by the spin-orbital interaction of the electron ͓the term E 1 (l•s 3 ) in Eq. ͑7͔͒. 
Future microwave-induced-transition experiments, the preparation of which was announced in ͓10͔, are designed to measure directly the fine splitting of the levels of antiprotonic helium, i.e., the separation between the doublets of states with JϭlϮ1/2. No estimates of the expected accuracy are known, but it will hardly allow for measuring the hyperfine splitting. Note that the contribution to the fine splitting from the terms that explicitly involve the magnetic moment of the antiproton is suppressed by two orders of magnitude.
B. Hyperfine structure of the transition lines
While in the nonrelativistic approximation of spinless particles E1 transitions between two bound states of the antiprotonic helium atom (nl)→(nЈlЈ), lЈϭlϮ1 would be signaled by a single spectral line, the spin interactions split this line to 4ϫ4ϭ16 components, depending on which are the parent and daughter hyperfine states: E ϭ⌬E nЈlЈJЈFЈ Ϫ⌬E nlJF . The energy ͑and, respectively, the frequency͒ of each of these transitions can easily be calculated from the content of Table II . It is easy to notice that the spin corrections ⌬E (nlJF)→(nЈlЈJЈFЈ) to the ''main'' transitions between states with ⌬Fϭ⌬Jϭ⌬l are suppressed because the corresponding corrections to the energy of the parent and daughter states cancel each other, but become quite significant in ''crossed'' transitions. Unfortunately ͑from the experimenter's point of view͒, the probability for the crossed transitions is suppressed compared to the main ones. Consider in more detail the example of the transition (37,35)→(38,34) illustrated in Table III and Fig. 1 . The rows of the table correspond to different initial states, while the columns refer to different final states. As long as E1 transitions with ͉⌬J͉Ͼ1 or ͉⌬F͉Ͼ1 are strictly forbidden, their cells are empty; the other cells contain the fine and hyperfine splittings ⌬E (nlJF)→(nЈlЈJЈFЈ) , reckoned from the frequency of the nonrelativistic value E nr (nl)→(nЈlЈ) ͑upper row͒ and the relative probability of the various open channels for any of the initial states as a function of l ͑lower row͒. It is easy to see that the measurement of the splitting of the transition lines is a difficult task: either the separation of the sublines is too small to be observed ͑the four main lines͒ or their intensity is too strongly suppressed. What was reported in ͓10͔ was the measurement of the fine splitting between the main components with Jϭlϩ1/2 and JϭlϪ1/2 ͑the upper and lower halves of the diagonal of Table III͒ ; the hyperfine splitting within them was not studied. Unfortunately, these measurements, even further refined, would hardly bring new information on antiprotonic magnetic moment p since the fine splitting of the main sublines is not sensitive enough to the value of p : Changing its value by 0.5% would affect only the fifth digit of the splitting. Most suitable for measuring p are the two components with ⌬Jϭ1, ⌬Fϭ0, for which a change of 1% of its value shifts the transition frequency by 0.1%; the suppression factor for these components is 1/l 2 ϳ10 Ϫ3 .
C. Discussion of the results
As pointed out in Sec. II, the interaction Hamiltonian does not include higher order QED terms that are expected to contribute by quantities of relative order 10 Ϫ4 to the splitting ⌬E (nlJF) , thus one strict upper limit of the precision follows from the choice of the theoretical model. The detailed study of the convergence of the numerical values of the coefficients of the effective spin Hamiltonian with respect to the number of basis functions in the variational expansion of Eq. ͑5͒ demonstrates ͑see Table IV͒ that the numerical error does not exceed 10 Ϫ4 either. Finally, the uncertainty of ⌬E (nlJF) due to the present uncertainty in the value of p is again ϳ1.10 Ϫ4 . The conclusion, therefore, is that the overall uncertainty of the results on the fine and hyperfine splitting is not larger than 10 Ϫ4 . The comparison of the theoretical results of the present paper with the expected spectroscopic data from the future experiments will be a crucial test for the validity of the relativistic quantum mechanical approach to few-body problems involving antiparticles. If confirmed, this approach will have to be extended further to include the leading-order radiative correction in a way to provide results accurate to 10 Ϫ5 . A comparison with experiment then would reduce the uncertainty in the experimental value Ϫ2.800Ϯ0.008 ( N ) of the dipole magnetic moment of the antiproton ͓16͔ by an order of magnitude. 
